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MEHLER MET ORNSTEIN AND UHLENBECK: THE GEOMETRY OF
CARNOT GROUPS OF STEP TWO AND THEIR HEAT KERNELS
NICOLA GAROFALO AND GIULIO TRALLI
Abstract. Exploiting the complex geometry of a Carnot group of step two we provide a new
derivation of its heat kernel by purely pde tools. Our approach consists in showing that the
Cauchy problem for the heat equation in the group is ultimately equivalent to one for the
classical Ornstein-Uhlenbeck operator in the horizontal variables.
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1. Introduction
The existence of the heat kernel in every stratified nilpotent Lie group was established by
Folland in [16]. Soon after his work, Hulanicki [26] and Gaveau [22] were independently able,
and with different approaches, to find an explicit formula (up to Fourier transform in the central
variable) for the heat kernel in the Heisenberg group Hn. In his work [13] Cygan extended
their result to groups of step two. Several other authors have since contributed other proofs, we
mention Mu¨ller and Ricci [32], [33], Beals, Gaveau and Greiner [4], Randall [35], Klingler [28],
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Beals [3], Chang and Tie [10], Lust-Piquard [30], Boggess and Reich [6], and also the more recent
work of Martini and Mu¨ller [31] which uses some of the results in [32, 33].
The objective of the present note is to return to the starting point in the cited works [26], [22]
and [13], and re-derive Cygan’s formula for the heat kernel with a different approach that, we
feel, can provide a new perspective to workers in pde’s and sub-Riemannian geometry. One of
the primary motivations of the present work (for which we refer the reader to Section 6 below)
stems from some questions at the intersection of analysis and geometry for stratified nilpotent
Lie groups of step two at the heart of which there is the ubiquitous heat equation. Although such
ambients represent the first level of complexity with respect to the classical Euclidean setting,
their non-commutative structure represents an interesting testing ground for various conjectures
in sub-Riemannian geometry.
To facilitate the reader’s understanding of the result itself consider a Carnot group G (hence-
forth, we follow the established tradition of using such nomenclature to indicate a stratified
nilpotent Lie group) of step two, and let g = V1⊕ V2 denote its nilpotent Lie algebra, with inner
product 〈·, ·〉. We let m = dim(V1), k = dim(V2) and, whenever convenient, we routinely identify
V1 ∼= Rm and V2 ∼= Rk. We also identify points g, g′ ∈ G with their logarithmic coordinates
(z, σ), (ζ, τ) ∈ Rm+k respectively. Consider the linear injective map J : V2 → End(V1) defined
by
〈J(σ)z, ζ〉 = 〈[z, ζ], σ〉.
Via the Baker-Campbell-Hausdorff formula such map identifies the non-Abelian multiplication
law in G and also induces a complex geometry in the Lie group. This becomes particularly
transparent in the special case of groups of Heisenberg type for which J(σ)2 = −|σ|2IV1 , see the
seminal works [27] and [12]. In general, since J(σ) is skew-symmetric, the mapping
(1.1) A(σ)
def
= J⋆(σ)J(σ) = −J(σ)2,
defines a symmetric nonnegative element of End(V1) for every σ ∈ V2. It is then well-defined√
A(λ). Finally, we mention that, given a m ×m matrix with real coefficients C, the notation
j(C) indicates the matrix identified by the power series of the real-analytic function j : R→ (0, 1]
given by j(x) = xsinhx . Similar interpretation for the matrix coshC.
Theorem 1.1. The heat kernel in G× (0,∞) is given by the formula
p(g, g′, t) = 2k(4pit)−(
m
2
+k)
∫
Rk
e
i
t(〈τ−σ,λ〉+ 12 〈J(λ)ζ,z〉)
(
det j(
√
A(λ))
)1/2
× exp
{
− 1
4t
〈j(
√
A(λ)) cosh
√
A(λ)(z − ζ), z − ζ〉
}
dλ,
where g = (z, σ) and g′ = (ζ, τ).
As we have mentioned Theorem 1.1 first appeared in [13]. The objective of the present note
is to show that the it can be directly and explicitly derived, without any recourse to those
important and deep tools, such as e.g. group representation theory, Laguerre calculus, complex
Hamiltonians or a priori ansatz, which in one form or the other entered the derivations in the
above cited references. Our aim is to emphasise, instead, the so far unexplored connection with
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the heat kernel of a (special case of the) generalised operator of Ornstein-Uhlenbeck recalled in
Proposition 4.2. This aspect is brought to light by means of two transformations that we explain
below.
The organisation of this note is as follows. In Section 2 we introduce for the reader’s conve-
nience some minimal geometric and analytical background on Carnot groups of step two. After
that, we proceed to recall the classical Fourier transform reduction with respect to the central
variable of the Cauchy problem for the heat equation on G, see (2.10) below. This approach is the
starting point of most of the above mentioned papers. Section 3 contains a first departure point.
In Lemma 3.1 below we introduce a complex change of variable which allows to eliminate the
complex drifts in the pde in (2.10), while preserving the operator in the horizontal variables. The
remarkable feature of such change of variable is that it reduces the pde to a generalised harmonic
oscillator, see (3.2). In Section 4 we exploit a second transformation (which is known to people in
semigroup theory and mathematical physics) that connects the harmonic oscillator in (3.2) to the
the Cauchy problem (4.3) for a generalised Ornstein-Uhlenbeck. To solve the latter we exploit
the well-known Proposition 4.2 which can be found in the opening of the celebrated work [25].
We thus establish Proposition 4.3 below which represents a generalisation of the famous 1866
formula of Mehler for the heat kernel of the harmonic oscillator. Once this is done, by reversing
our steps we are able to return to our starting goal and unravel the sub-Riemannian geometry
in Theorem 1.1. We cannot emphasise enough the remarkable role which, in this process, is
played by the complex change of variable (3.1) and by the transformation (4.2). In Section 5.1
we show how in a group of Heisenberg type Theorem 1.1 immediately produces the beautiful by
now classical formula of Hulanicki and Gaveau. In the closing Section 6 we present two notable
applications of, respectively, Theorem 1.1 and Proposition 5.1. For a detailed account of the
relevant results, we refer the reader to our recent works [20] and [21].
2. Carnot groups of step two
A Carnot group of step r = 2 is a simply-connected Lie group G whose Lie algebra admits a
stratification g = V1 ⊕ V2, with [V1, V1] = V2, [V1, V2] = {0}. We assume that g is endowed with
an inner product 〈·, ·〉 and induced norm | · |, and we let m = dim(V1), k = dim(V2). We fix
orthonormal basis {e1, ..., em} and {ε1, ..., εk} for V1 and V2 respectively, and for points z ∈ V1
and σ ∈ V2 we will use either one of the representations z =
∑m
j=1 zjej , σ =
∑k
ℓ=1 σℓεℓ, or also
z = (z1, ..., zm), σ = (σ1, ..., σk). Accordingly, whenever convenient we will identify the point
g = exp(z + σ) ∈ G with its logarithmic coordinates (z, σ). Recall that the Kaplan mapping
J : V2 → End(V1) is defined by
(2.1) 〈J(σ)z, ζ〉 = 〈[z, ζ], σ〉 = −〈J(σ)ζ, z〉.
Clearly, J(σ)⋆ = −J(σ), and one has < J(σ)z, z >= 0. Moreover, by the Carnot property
[V1, V1] = V2, we know that the map J is injective. By (2.1) and the Baker-Campbell-Hausdorff
formula, see p. 12 of [11],
(2.2) exp(z + σ) exp(ζ + τ) = exp
(
z + ζ + σ + τ +
1
2
[z, ζ]
)
,
4 MEHLER MET ORNSTEIN AND UHLENBECK, ETC.
we obtain the non-Abelian multiplication in G
g ◦ g′ = (z + ζ, σ + τ + 1
2
k∑
ℓ=1
< J(εℓ)z, ζ > εℓ).
For future use we observe that
(2.3) (g′)−1 ◦ g = (z − ζ, σ − τ + 1
2
k∑
ℓ=1
< J(εℓ)z, ζ > εℓ).
If for j = 1, ...,m we define left-invariant vector fields by the Lie rule Xju(g) =
d
dsu(g ◦
exp sej)
∣∣∣∣
s=0
, then by (2.2) one obtains in the logarithmic coordinates (z, σ)
(2.4) Xj = ∂zj +
1
2
k∑
ℓ=1
〈J(εℓ)z, ej〉∂σℓ = ∂zj +
1
2
k∑
ℓ=1
m∑
i=1
zi〈J(εℓ)ei, ej〉∂σℓ .
Although we will not make an explicit use of this fact, we note that (2.4) implies the following
commutation relation
[Xi,Xj ] =
k∑
ℓ=1
〈J(εℓ)ei, ej〉∂σℓ .
Given a function f ∈ C1(G) we will indicate by ∇Hf = (X1f, ...,Xmf) its horizontal gradient,
and set |∇Hf | = (
∑m
j=1(Xjf)
2)1/2. The horizontal Laplacian generated by the orthonormal
basis {e1, ..., em} of V1 is the second-order differential operator on G defined by
L f =
m∑
j=1
X2j f,
where X1, ...,Xm are given by (2.4). A computation gives
(2.5) L = ∆z +
1
4
k∑
ℓ,ℓ′=1
〈J(εℓ)z, J(εℓ′)z〉∂σℓ∂σℓ′ +
k∑
ℓ=1
Θℓ∂σℓ ,
where ∆z represents the standard Laplacian in the variable z = (z1, ..., zm), and
(2.6) Θℓ =
m∑
s=1
〈J(εℓ)z, es〉∂zs .
We now consider the Cauchy problem
(2.7)
{
L u− ∂tu = 0 in G× (0,∞),
u(g, 0) = f(g) g ∈ G.
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To solve (2.7) we start from the expression (2.5) of the horizontal Laplacian, keeping also (2.6)
in mind. We identify G with Rm ×Rk, and denoting by
uˆ(z, λ, t) =
∫
Rk
e−2πi〈λ,σ〉u(z, σ, t)dσ,
the partial Fourier transform of u with respect to the central variable σ ∈ Rk, with dual variable
λ ∈ Rk, we obtain from (2.5)
(2.8)
{
∆zuˆ− pi2
∑k
ℓ,ℓ′=1 λℓλℓ′〈J(εℓ)z, J(εℓ′ )z〉uˆ+ 2pii
∑k
ℓ=1 λℓΘℓuˆ− ∂tuˆ = 0
uˆ(z, λ, 0) = fˆ(z, λ) z ∈ Rm, λ ∈ Rk, t > 0.
Recalling the definition (1.1) of the mapping A : V2 → End(V1)sym+ , we observe that for any
ζ ∈ Rm one has
〈A(λ)ζ, ζ〉 = |J(λ)ζ|2 ≥ 0.
Remark 2.1. Notice that KerA(λ) = Ker J(λ) can have positive dimension. Nevertheless, the
injectivity of J ensures that A(λ) is not the null endomorphism for every λ 6= 0. Moreover,
being J(λ) skew-symmetric, the dimension of the range of A(λ) has to be at least two. Since the
linearity of J allows us to write
√
A(λ) = |λ|
√
A(λ/|λ|), one can deduce that there exists k0 > 0
such that √
A(λ) has at least two eigenvalues bigger than k0|λ|.
This fact has a number of implications. Among the others, we mention explicitly that
(2.9) det j(
√
A(λ)) ≤ (j(k0|λ|))2 =
(
2k0|λ|
ek0|λ| − e−k0|λ|
)2
.
From (2.9) it is easy to verify that the integral which expresses the heat kernel p(g, g′, t) in
Theorem 1.1 is finite.
Returning to (2.8), it is not difficult to recognise that
k∑
ℓ,ℓ′=1
λℓλℓ′〈J(εℓ)z, J(εℓ′ )z〉 = |J(λ)z|2.
Furthermore, we obtain from (2.6)
k∑
ℓ=1
λℓΘℓuˆ =
k∑
ℓ=1
λℓ
m∑
s=1
〈J(εℓ)z, es〉∂zs uˆ =
m∑
s=1
〈J(λ)z, es〉∂zs uˆ = 〈J(λ)z,∇z uˆ〉.
Using these two identities we can thus write (2.8) in the form
(2.10)
{
∆z v˜ + 2pii〈J(λ)z,∇z v˜〉 − pi2〈A(λ)z, z〉 v˜ − ∂tv˜ = 0,
v˜(z, 0) = fˆ(z, λ) z ∈ Rm, t > 0,
where we have let v˜(z, t) = uˆ(z, λ, t). From now on we are going to make several reductions
which will ultimately reduce the solution of the Cauchy problem (2.10) to that of solving one for
a generalised Ornstein-Uhlenbeck operator.
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3. Elimination of the complex drift
Our first critical step is to eliminate the complex drift from (2.10). Such reduction is based
on the following.
Lemma 3.1. Fix λ ∈ Rk. Suppose that v and v˜ are connected by the relation
(3.1) v(z, t) = v˜(e−2πitJ(λ)z, t).
Then,
v˜ is a solution to the pde in (2.10) ⇐⇒ v is a solution to ∆zv − pi2〈A(λ)z, z〉v − ∂tv = 0.
Proof. We begin with observing that by the skew-symmetry of J(λ) we know that
e−2πitJ(λ)
⋆
e−2πitJ(λ) = Im.
Using this observation and recalling (1.1), the reader can verify by a direct computation that
∆v(z, t) = ∆v˜(e−2πitJ(λ)z, t)
and
〈A(λ)e2πitJ(λ)z, e2πitJ(λ)z〉 = 〈e2πitJ(λ)⋆J(λ)⋆J(λ)e2πitJ(λ)z, z〉
= 〈J(λ)⋆e2πitJ(λ)⋆e2πitJ(λ)J(λ)z, z〉 = 〈A(λ)z, z〉.
It is also clear from (3.1) that
∂tv(z, t) = −2pii〈J(λ)z,∇v˜(e−2πitJ(λ)z, t)〉+ ∂tv˜(e−2πitJ(λ)z, t).
Combining the latter three equations we reach the desired conclusion.

If we keep (1.1) in mind, and we denote by D(λ) = pi
√
A(λ) (where
√
A(λ) denotes the square
root of A(λ)), then it is clear that D(λ) ≥ 0, D(λ)⋆ = D(λ). Therefore, in view of Lemma 3.1
we see that if for a fixed λ ∈ Rk the function v satisfies the following Cauchy problem
(3.2)
{
∆zv − |D(λ)z|2v − ∂tv = 0,
v(z, 0) = fˆ(z, λ) z ∈ Rm, t > 0,
then the function
(3.3) uˆ(z, λ, t) = v˜(z, t) = v(e2πitJ(λ)z, t)
solves the Cauchy problem (2.10). The operator in the left-hand side of (3.2) is a generalised
harmonic oscillator, and thus we turn to solving such problem.
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4. The harmonic oscillator aka Ornstein-Uhlenbeck
The central result in this section is Proposition 4.3 below which allows us to solve the Cauchy
problem (3.2), where λ ∈ Rk has been fixed. Henceforth in this section we denote D(λ) = D ∈
Mm×m(R), D = D⋆, D ≥ 0. We consider a solution to the following equation of Ornstein-
Uhlenbeck type
(4.1) ∆w − 2〈Dz,∇w〉 − wt = 0,
and define the function
(4.2) v(z, t) = e−(
1
2
〈Dz,z〉+t trD)w(z, t).
We have
∇(e−( 12 〈Dz,z〉+t trD)) = −e−( 12 〈Dz,z〉+t trD))Dz,
∆(e−(
1
2
〈Dz,z〉+t trD)) = (|Dz|2 − trD)e−( 12 〈Dz,z〉+t trD),
∂t(e
−( 1
2
〈Dz,z〉+t trD)) = −e−( 12 〈Dz,z〉+t trD) trD.
This gives
∆v − |Dz|2v − ∂tv = e−(
1
2
〈Dz,z〉+t trD)(∆w − 2〈Dz,∇w〉 − wt).
These considerations prove the following.
Lemma 4.1. Suppose that v and w are connected by the equation (4.2). Then,
v is a solution to the pde in (3.2) ⇐⇒ w is a solution to (4.1).
Returning to the Cauchy problem (3.2), we see that if v solves it, then w = e
1
2
〈Dz,z〉+trD tv
solves the Cauchy problem
(4.3)
{
∆w − 2〈Dz,∇w〉 − wt = 0,
w(z, 0) = e
1
2
〈Dz,z〉f(z).
At this point we recall the following basic result in the opening of the celebrated work [25].
Consider the class of differential operators in Rm,
(4.4) A u
def
= tr(Q∇2u)+ < Bz,∇u >,
and the associated heat equation K u = ∂tu−A u = 0. Here, the m×m matrices Q and B have
real, constant coefficients, and moreover Q = Q⋆ ≥ 0. A basic feature of the operator K is the
invariance with respect to the following non-Abelian group law
(z, s) ◦ (ζ, t) = (ζ + e−tBz, s+ t).
In [25] Ho¨rmander proved that (4.4) is hypoelliptic if and only if its covariance matrix satisfies
the following Kalman condition for every t > 0
(4.5) K(t) =
1
t
∫ t
0
esBQesB
⋆
ds > 0.
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Under the hypothesis (4.5) we now introduce the time-dependent intertwined pseudo-distance
mt(z, ζ) =
√
〈K(t)−1(ζ − etBz), ζ − etBz〉, t > 0.
Proposition 4.2. For every f ∈ S (Rm) the Cauchy problem K u = ∂tu − A u = 0 in Rm ×
(0,∞), u(z, 0) = f(z), admits a unique solution
u(z, t) = Ptf(z) =
∫
Rm
q(z, ζ, t)f(ζ)dζ.
where
(4.6) q(z, ζ, t) =
(4pi)−m/2
(det(tK(t)))1/2
exp
(
−mt(z, ζ)
2
4t
)
.
We emphasise that the heat equation K u = ∂tu−A u = 0 encompasses operators that are very
different in nature. It contains the classical Ornstein-Uhlenbeck operator ∂tu−∆zu+ 〈z,∇zu〉 in
[34], but also the degenerate equation of Kolmogorov ∂tu−∆vu− 〈v,∇xu〉 = 0 in R2n × (0,∞),
from the kinetic theory of gases, see [29]. The proof of Proposition 4.2 is fairly elementary.
Denoting by ξ the dual variable of z, and letting uˆ(ξ, t) =
∫
Rm
e−2πi〈ξ,z〉u(z, t)dz, then on the
Fourier transform side the Cauchy problem reduces to solving
(4.7)
{
∂tuˆ+ 〈B⋆ξ,∇ξuˆ〉+
(
4pi2〈Qξ, ξ〉+ trB) uˆ = 0 in RN × (0,∞),
uˆ(ξ, 0) = fˆ(ξ).
Now, the problem (4.7) can be easily solved via the method of characteristics. Fixing (ξ, t) ∈
R
N × (0,∞), one considers h(s) = uˆ(esB⋆ξ, s+ t). This function, in turn, solves
h′(s) +
(
4pi2〈esBQesB⋆ξ, ξ〉+ trB
)
h(s) = 0, h(0) = uˆ(ξ, t).
Recalling (4.5), we see that h(s) is given by
h(s) = uˆ(ξ, t)e−4π
2s〈K(s)ξ,ξ〉e−s trB .
Since h(−t) = fˆ(e−tB⋆ξ) and K(−t) = e−tBK(t)e−tB∗ , this implies the remarkable formula
(4.8) uˆ(ξ, t) = e−t trBe−4tπ
2〈K(t)e−tB∗ξ,e−tB∗ξ〉fˆ(e−tB
⋆
ξ).
The representation formula in Proposition 4.2 follows from (4.8) by taking the inverse Fourier
transform and straightforward manipulations.
Returning to (4.3) we see that, in view of Proposition 4.2, its solution is given by
w(z, t) =
∫
Rm
q(z, ζ, t)e
1
2
〈Dζ,ζ〉f(ζ)dζ,
where, recalling (4.5) and (4.6), we have let
K(t) =
1
t
∫ t
0
e−4sDds,
and
q(z, ζ, t) = (4pit)−
m
2 (detK(t))−1/2e−
1
4t
〈(K(t))−1(ζ−e−2tDz),(ζ−e−2tDz)〉.(4.9)
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Keeping in mind that eτ =
∑∞
k=0
τk
k! and sinh(τ) =
∑∞
k=0
τ2k+1
(2k+1)! , we now make the following
observation
etDK(t)etD =
1
t
∫ t
0
e(2t−4s)Dds =
1
4t
∫ 2t
−2t
eτDdτ =
1
4t
∞∑
k=0
D2k
(2k)!
∫ 2t
−2t
τ2kdτ
=
∞∑
k=0
(2tD)2k
(2k + 1)!
= (j(2tD))−1 ,(4.10)
where we have denoted by j : R → R the analytic function defined by j(τ) = τsinh(τ) . Since the
previous identity can be rewritten as follows
K(t) = e−tD (j(2tD))−1 e−tD,
we then obtain
(4.11) K(t)−1 = etDj(2tD)etD
and
(4.12) (detK(t))−1/2 = et trD
√
det j(2tD).
Using (4.11), (4.12) in (4.9), we find
q(z, ζ, t) = (4pit)−
m
2 et trD
√
det j(2tD)e−
1
4t
〈j(2tD)(etDζ−e−tDz),etDζ−e−tDz〉.(4.13)
Finally, from (4.13) we see that the solution of (3.2) is given by
(4.14) v(z, t) =
∫
Rm
P(z, ζ, t)fˆ (ζ, λ)dζ,
where
P(z, ζ, t) = (4pit)−
m
2
√
det j(2tD)e−
1
4t
〈2tDz,z〉e
1
4t
〈2tDζ,ζ〉(4.15)
× e− 14t 〈j(2tD)(etDζ−e−tDz),etDζ−e−tDz〉.
Using the tautological identity
2tD = j(2tD) sinh 2tD = j(2tD)
e2tD − e−2tD
2
,
and the fact that
e±tDj(2tD) = j(2tD)e±tD ,
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we can now write the argument in the exponentials in (4.15) as
〈2tDz, z〉 − 〈2tDζ, ζ〉+ 〈j(2tD)(etDζ − e−tDz), etDζ − e−tDz〉
= 〈j(2tD) sinh 2tDz, z〉 − 〈j(2tD) sinh 2tDζ, ζ〉+ 〈j(2tD)e−tDz, e−tDz〉
+ 〈j(2tD)etDζ, etDζ〉 − 〈j(2tD)e−tDz, etDζ〉 − 〈j(2tD)etDζ, e−tDz〉
= 〈j(2tD) sinh 2tDz, z〉 − 〈j(2tD) sinh 2tDζ, ζ〉+ 〈j(2tD)e−2tDz, z〉
+ 〈j(2tD)e2tDζ, ζ〉 − 〈j(2tD)z, ζ〉 − 〈j(2tD)ζ, z〉
= 〈j(2tD) cosh 2tD z, z〉+ 〈j(2tD) cosh 2tD ζ, ζ〉 − 2〈j(2tD) z, ζ〉.
We have finally proved the following.
Proposition 4.3. The solution of (3.2) is given by (4.14), where
P(z, ζ, t) = (4pit)−
m
2
√
det j(2tD)(4.16)
exp
{
− 1
4t
(
〈j(2tD) cosh 2tD z, z〉 + 〈j(2tD) cosh 2tD ζ, ζ〉 − 2〈j(2tD) z, ζ〉
)}
.
Remark 4.4. The reader may find it interesting to compare (4.16) with the classical 1866 Mehler
formula for the harmonic oscillator ∆u− ω|x|2u− ut = 0, see e.g. [5, Section 4.2],
P(x, y, t) = (4pit)−n/2
(
2
√
ωt
sinh 2
√
ωt
)n/2
e−
√
ω
2
(cotanh 2
√
ωt(|x|2+|y|2)−2 csch 2√ωt〈x,y〉).
This formula follows immediately from (4.16) by taking D =
√
ωIm in its expression.
5. Bringing sub-Riemannian geometry back into the game
In this section we retrace our steps and finally prove Theorem 1.1. With Proposition 4.3 in
hands, in which we take D = pi
√
A(λ), we now combine (3.3) with (4.14), to find
(5.1) uˆ(z, λ, t) = v(e2πitJ(λ)z, t) =
∫
Rm
P(e2πitJ(λ)z, ζ, t)fˆ(ζ, λ)dζ.
We stress that it is at this very moment that the sub-Riemannian geometry of the group G is
reinstated. We obtain from (5.1)
(5.2) u(z, σ, t) =
∫
Rm
∫
Rk
∫
Rk
e2πi〈σ−τ,λ〉P(e2πitJ(λ)z, ζ, t)f(ζ, τ)dλdζdτ.
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Finally, (5.2) and (4.16) give
p((z, σ), (ζ, τ), t) = (4pit)−
m
2
∫
Rk
e2πi〈σ−τ,λ〉
(
det j(2pit
√
A(λ))
)1/2
(5.3)
× exp
{
− 1
4t
(
〈j(2pit
√
A(λ)) cosh 2pit
√
A(λ)e2πitJ(λ)z, e2πitJ(λ)z〉
+ 〈j(2pit
√
A(λ)) cosh 2pit
√
A(λ) ζ, ζ〉 − 2〈j(2pit
√
A(λ))e2πitJ(λ)z, ζ〉
)}
dλ
= 2k(4pit)−(
m
2
+k)
∫
Rk
e
i
t
〈τ−σ,λ〉
(
det j(
√
A(λ))
)1/2
× exp
{
− 1
4t
(
〈j(
√
A(λ)) cosh
√
A(λ)e−iJ(λ)z, e−iJ(λ)z〉
+ 〈j(
√
A(λ)) cosh
√
A(λ) ζ, ζ〉 − 2〈j(
√
A(λ))e−iJ(λ)z, ζ〉
)}
dλ,
where in the last equality we have exploited the property J(cλ) = cJ(λ) for every c ∈ R and
λ ∈ Rk, and we have made the change of variable (−2pitλ) → λ. We now observe that, since
from (1.1) we have A(λ) = (
√
A(λ))2 = −J(λ)2, then J(λ) commutes with any even analytic
function of
√
A(λ). This gives in particular
(5.4) 〈j(
√
A(λ)) cosh
√
A(λ)e−iJ(λ)z, e−iJ(λ)z〉 = 〈j(
√
A(λ)) cosh
√
A(λ)z, z〉.
Moreover, recalling (4.10), we have
e−iJ(λ) =
∞∑
k=0
(−iJ(λ))2k
(2k)!
+
∞∑
k=0
(−iJ(λ))2k+1
(2k + 1)!
(5.5)
=
∞∑
k=0
(−J2(λ))k
(2k)!
− iJ(λ)
∞∑
k=0
(−J2(λ))k
(2k + 1)!
=
∞∑
k=0
(
√
A(λ))2k
(2k)!
− iJ(λ)
∞∑
k=0
(
√
A(λ))2k
(2k + 1)!
= cosh
√
A(λ) − i
(
j(
√
A(λ))
)−1
J(λ).
We thus find from (5.5)
(5.6) − 2〈j(
√
A(λ))e−iJ(λ)z, ζ〉 = −2〈j(
√
A(λ)) cosh
√
A(λ)z, ζ〉 − 2i〈J(λ)ζ, z〉.
Replacing now (5.4) and (5.6) in (5.3), we finally obtain
p((z, σ), (ζ, τ), t) = 2k(4pit)−(
m
2
+k)
∫
Rk
e
i
t(〈τ−σ,λ〉+ 12 〈J(λ)ζ,z〉)
(
det j(
√
A(λ))
)1/2
(5.7)
× exp
{
− 1
4t
〈j(
√
A(λ)) cosh
√
A(λ)(z − ζ), z − ζ〉
}
dλ.
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This completes the proof of Theorem 1.1.
5.1. Groups of Heisenberg type. A Carnot of step two G is said of Heisenberg type if for
every λ ∈ V2 the mapping A(λ) in (1.1) satisfies
A(λ) = −J(λ)2 = |λ|2Im,
see [27] and [12]. This implies, in particular,
√
A(λ) = |λ|Im. As a consequence,
j(
√
A(λ)) = j(|λ|Im) = j(|λ|)Im,
and also
j(
√
A(λ)) cosh
√
A(λ) = j(|λ|) cosh |λ|Im = |λ|
tanh |λ|Im.
We thus obtain from (5.7)
p((z, σ), (ζ, τ), t) =
2k
(4pit)
m
2
+k
∫
Rk
( |λ|
sinh |λ|
)m
2
e
i
t
(〈τ−σ,λ〉+ 1
2
〈J(λ)ζ,z〉)e−
|z−ζ|2
4t
|λ|
tanh |λ|dλ.(5.8)
In the special case of the Heisenberg group Hn one has m = 2n, k = 1, and (5.8) is the formula
found independently by Hulanicki [26] and Gaveau [22].
5.2. Baouendi-Grushin operator. In his 1967 Ph.D. Dissertation under the supervision of B.
Malgrange, see [1], S. Baouendi first studied the Dirichlet problem in L2 for a class of degenerate
elliptic operators that includes the following model
(5.9) B = ∆w +
|w|2
4
∆σ,
where (w, σ) ∈ Rn×Rk. At that time M. Vishik was visiting Malgrange, who discussed with him
the thesis project of Baouendi. Vishik subsequently asked Malgrange permission to suggest to
his own Ph.D. student, Grushin, to work on some questions related to the hypoellipticity, see [23]
and [24]. This is how the operator B became known as the Baouendi-Grushin operator. This
operator is also important since, in the logarithmic coordinates (z, σ) ∈ Rm+k, the horizontal
Laplacian in a group of Heisenberg type G is given by the formula
(5.10) L = ∆z +
|z|2
4
∆σ +
k∑
ℓ=1
∂σℓΘℓ,
where
Θℓ =
m∑
i=1
< J(εℓ)z, ei > ∂zi .
However, there is no global group law underlying (5.9), but the operator is invariant with respect
to standard translations (w, σ) → (w, σ + σ′) along the manifold of degeneracy M = {0} × Rk.
The next result provides an explicit heat kernel for the operator (5.9).
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Proposition 5.1. Given a function f ∈ C∞0 (Rn+k), the solution of the Cauchy problem
(5.11)
{
∂tu−Bu = 0 in Rn+k × (0,∞),
u((w, σ), 0) = f(w, σ),
is given by the formula
u((w, σ), t) =
∫
Rn
∫
Rk
q((w, σ), (w′ , σ′), t)f(w′, σ′)dw′dσ′,
where
q((w, σ), (w′, σ′), t) =
2k
(4pit)
n
2
+k
∫
Rk
e−
i
t
〈λ,σ′−σ〉
( |λ|
sinh |λ|
)n
2
(5.12)
× e−
|λ|
4t tanh |λ| ((|w|2+|w′|2)−2〈w,w′〉 sech |λ|)dλ.
Proof. If we indicate with uˆ(w, λ) =
∫
Rk
e−2πi〈λ,σ〉u(w, σ, t)dσ the partial Fourier transform of u
with respect to the variable σ ∈ Rk, with dual variable λ ∈ Rk, we obtain from (5.11)
(5.13)
{
∂tuˆ−∆wuˆ+ pi2|λ|2|w|2uˆ = 0 in Rn+k × (0,∞)
uˆ((w, λ), 0) = fˆ(w, λ).
For any fixed λ ∈ Rk, the above (5.13) is a Cauchy problem for a harmonic oscillator in Rn ×
(0,∞). The solution of such problem is given by the formula
uˆ((w, λ), t) =
∫
Rm
Pλ(w,w
′, t)fˆ(w′, λ)dw′ =
∫
Rk
e−2πi〈λ,σ
′〉
∫
Rm
Pλ(w,w
′, t)f(w′, σ′)dw′dσ′,
where Pλ(w,w
′, t) is Mehler’s fundamental solution given by
(5.14)
Pλ(w,w
′, t) = (4pi)−n/2
(
2pi|λ|
sinh 2pit|λ|
)n/2
e−
π|λ|
2
((|w|2+|w′|2) cotanh(2πt|λ|)−2〈w,w′〉 csch(2πt|λ|)).
Finally, taking the inverse Fourier transform, we find the following representation for the solution
of problem (5.11)
(5.15) u((w, σ), t) =
∫
Rn
∫
Rk
(∫
Rk
e−2πi〈λ,σ
′−σ〉
Pλ(w,w
′, t)dλ
)
f(w′, σ′)dw′dσ′.
From (5.15) it is clear that the fundamental solution of the parabolic Baouendi-Grushin equation
in (5.11) is given by
(5.16) q((w, σ), (w′ , σ′), t) =
∫
Rk
e−2πi〈λ,σ
′−σ〉
Pλ(w,w
′, t)dλ,
where Pλ(w,w
′, t) is as in (5.14). Changing variable λ→ 2pitλ in the integral over Rk, we obtain
(5.12) from (5.16).

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Integrating (5.12) in t ∈ (0,∞) we obtain the fundamental solution with pole at an arbitrary
point (w′, σ′) ∈ Rm+k of the Baouendi-Grushin operator B in (5.9)
EB((w, σ), (w
′ , σ′)) =
2k
(4pi)
m
2
+k
∫ ∞
0
t−(
m
2
+k)
∫
Rk
e−
i
t
〈λ,σ′−σ〉
( |λ|
sinh |λ|
)m
2
(5.17)
× e−
|λ|
4t tanh |λ| ((|w|2+|w′|2)−2〈w,w′〉 sech |λ|)dλdt.
If, in particular, we fix the pole at (w′, σ′) = (0, 0), then using [21, Corollary 1.3] (see (6.2)
below) we recover from (5.17) the special case α = 1 of the fundamental solution discovered
in [18, Proposition 2.1]. We also mention here the work of Bauer, Furutani and Iwasaki [2] in
which the authors obtained for the case α ∈ N the complete explicit fundamental solutions of
the Baouendi-Grushin operators.
6. Two applications
As it is well-known, the heat kernel plays a ubiquitous role in the study of partial differential
equations, geometric analysis, and probability. In this closing section we mention two applications
of Theorem 1.1 and Proposition 5.1 which are respectively contained in our recent papers [20],
and [21]. Such applications have in fact been one of the main motivating factors of the present
work.
The former application concerns the asymptotic of nonlocal horizontal perimeters. In our
recent paper [20] we have generalised to every Carnot group of step two a famous result of
Bourgain-Brezis-Mironescu and Da´vila in [7, 14]. More precisely, in [20, Theorem 1.1], we have
proved the following.
Theorem 6.1. Let E let be a measurable subset of a Carnot group of step two G with |E| <∞,
then
(6.1) lim
sր1/2
(1− 2s)PH,s(E) = 4√
pi
PH(E).
To provide the reader with some background, we mention that in the right-hand side of the
limiting relation in (6.1) the quantity PH(E) represents the horizontal perimeter of E originally
introduced in a wider setting in [9]. This is a sub-Riemannian generalisation of the notion of
perimeter originally due to De Giorgi. Instead, the quantity PH,s(E) in the left-hand side of
(6.1) is a semigroup based notion of nonlocal horizontal perimeter introduced in [20, Definition
3.1]. Precisely, given 0 < s < 1/2, we say that a measurable set E ⊂ G has finite horizontal
s-perimeter if 1E ∈ B2s,1(G), and we define
PH,s(E)
def
= N2s,1(1E) <∞.
We call the number PH,s(E) ∈ [0,∞) the horizontal s-perimeter of E in G. Here, for any
0 < s < 1 and 1 ≤ p < ∞ the horizontal Besov space Bs,p(G) is the collection of all functions
u ∈ Lp(G) such that the seminorm
Ns,p(u) =
(∫ ∞
0
1
t
sp
2
+1
∫
G
Pt (|u− u(g)|p) (g)dgdt
) 1
p
<∞.
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The norm ||u||Bs,p(G) = ||u||Lp(G) + Ns,p(u) turns Bs,p(G) into a Banach space. The proof of
Theorem 6.1 in [20] ultimately hinges on the determination of the exact asymptotic of the Ledoux
type functional 1√
t
||Pt1E−1E ||1. In this endeavour, the special form of the heat kernel p(·, ·, t) in
Theorem 1.1 above comes crucially into play in showing the validity of the following key identity∫
TG(ν)
p(gˆ, 0, 1)dgˆ =
1√
4pi
for every unit vector ν ∈ V1,
where TG(ν) denotes the vertical space orthogonal to the vector ν. In a different yet related
direction, we mention the nonlocal isoperimetric inequalities and asymptotic of semigroup based
Besov-seminorms in [19, 8]. These results concern the degenerate Ornstein-Uhlenbeck operators
A defined in (4.4)-(4.5).
The second application stems from Proposition 5.1 above. In our recent work [21] we have
systematically used the heat kernel in a group of Heisenberg type, and some modifications of
the latter, to derive explicit fundamental solutions of some nonlocal pseudo-differential operators
arising in conformal CR geometry. Consider the the so-called gauge function N(z, σ) = (|z|4 +
16|σ|2)1/4 in the Heisenberg group Hn, or in a general group of Heisenberg type G. A famous
result of Folland [15] and Kaplan [27] states that an appropriate multiple of the distribution
N(z, σ)2−Q provides the unique fundamental solution of the horizontal Laplacian in G, with pole
at the identity. In [21, Corollary 1.3] we show that
(6.2)
∫ ∞
0
p((z, σ), 0, t)dt =
2
m
2
+2k−2Γ(m4 )Γ(
1
2(
m
2 + k − 1))
pi
m+k+1
2
(|z|4 + 16|σ|2)− 12 (m2 +k−1) ,
where p((z, σ), 0, t) is the heat kernel in (5.8) and Γ denotes the Euler’s Gamma function. On
the other hand, we know by general principles that
∫∞
0 p((z, σ), 0, t)dt produces the fundamental
solution for the horizontal Laplacian. If we thus combine (6.2) with (5.8), which in this note we
derive from first principles, one is led to “discover” the magic function N(z, σ) which is usually
given by fiat. The endpoint result (6.2) is part of a larger picture. More in general, for 0 < s < 1
let us indicate with Ls the fractional powers of the conformal horizontal Laplacian in a group
of Heisenberg type G (we refer to [21] for a detailed discussion of various definitions of Ls and
for a broad historical perspective). It is relevant to the present exposition that Ls arises as a
weighted Dirichlet-to-Neumann map of an extension problem in G× (0,∞) associated with the
partial differential operator in G×R+y ,
L(s) =
∂2
∂y2
+
1− 2s
y
∂
∂y
+
y2
4
∆σ + L ,
where L is defined by (5.10), and we have denoted by y > 0 the extension variable. This
remarkable property was proved in [17], see also [36] for the explicit Poisson representation
formula for the solutions of the extension problem. In [21, Section 3] we considered the parabolic
counterpart of the extension problem and, with the aid of the heat kernel of the Baouendi-
Grushin operator in Proposition 5.1, we proved that the fundamental solution of L(s) − ∂t with
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pole in the origin is given by
q(s)((z, σ), t, y) =
2k
(4pit)
m
2
+k+1−s
∫
Rk
e−
i
t
〈σ,λ〉
( |λ|
sinh |λ|
)m
2
+1−s
e
− |z|2+y2
4t
|λ|
tanh |λ|dλ.(6.3)
From general principles, we know that
(6.4) e(s)((z, σ, y)
def
=
∫ ∞
0
q(s)((z, σ), t, y)dt
is a fundamental solution with pole at the origin of the conformal extension operator L(s).
In [21, Theorem 1.4] we have computed explicitly the integral in the right-hand side of (6.4).
Furthermore, we have used the fundamental solution (6.3) to introduce the conformal Riesz
operator, whose kernel is given by the formula
(6.5) K(s)((z, σ), t) = (4pit)
1−sq(s)((z, σ), t, 0).
In other words, K(s) is an appropriately rescaled restriction to the thin space y = 0 of the
Baouendi-Grushin kernel q(s) in (6.3). The following result is [21, Theorem 1.2].
Theorem 6.2. Let G be a group of Heisenberg type. The following statements hold:
(i) With K(s) defined by (6.5), for any 0 < s ≤ 1 one has
E(s)(z, σ)
def
=
1
Γ(s)
∫ ∞
0
ts−1K(s)((z, σ), t)dt =
C(s)(m,k)
N(z, σ)Q−2s
,
where Q = m + 2k is the homogeneous dimension of G, N(z, σ) = (|z|4 + 16|σ|2)1/4 is
the natural gauge, and we have let
C(s)(m,k) =
2
m
2
+2k−3s−1Γ(12(
m
2 + 1− s))Γ(12(m2 + k − s))
pi
m+k+1
2 Γ(s)
.
(ii) The distribution E(s) ∈ C∞(G \ {e}) ∩L1loc(G), and it provides a fundamental solution of
Ls with pole at the group identity e ∈ G and vanishing at infinity.
Theorem 6.2 generalises the above cited formula (6.2), which corresponds to the case s = 1,
and provides a testimony of the geometrical significance of Proposition 5.1.
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